Suppose that we have a semisimple, connected, simply connected algebraic group G with corresponding Lie algebra g. There is a Hopf pairing between the universal enveloping algebra U (g) and the coordinate ring O(G). By introducing a parameter q, we can consider quantum deformations U q (g) and O q (G) respectively, between which there again exists a Hopf pairing. We show that the category of crystals associated with U q (g) is a monoidal category. We define subgroups of U q (g) to be right coideal subalgebras, and subgroups of O q (G) to be quotient left O q (G)-module coalgebras. Furthermore, we discuss a categorical approach to subgroups of quantum groups which we hope will provide us with a link to crystal basis theory.
Introduction
The term 'quantum' is used throughout many areas of Physics and Mathematics and has many different interpretations. Quantum mechanics, for example, can be interpreted as a non-commutative deformation of classical mechanics by introducing Planck's constant h. As h tends to 0 we, in some sense, get our classical mechanics back. By analogy, quantum groups can be thought of as non-commutative deformations of certain classical algebraic structures by introducing a parameter q. Similarly, as q tends to 1, we recover our classical algebra. There is no precise definition of a 'quantum group' and indeed seeking to define one is not particularly informative. Our main philosophy in this essay will be that quantum group theory is the study of quantum analogues of classical ideas.
In Section 1, we define the notions of algebras and coalgebras. We note that the dual of a coalgebra is an algebra. The converse to this statement is true for finite dimensional algebras, but for infinite dimensional algebras A we instead consider the restricted dual A • , which is a coalgebra. A Hopf algebra is both an algebra and a coalgebra, satisfying certain compatibility conditions, equipped with an antiautomorphism known as an antipode. The restricted dual of a Hopf algebra is a Hopf algebra. As algebraic objects, Hopf algebras can be thought of as generalisations of groups. The structure maps mimic the structure of a group, with the antipode generalising the inverse operation. This interpretation has led many Mathematicians to define quantum groups to be non-commutative, non-cocommutative Hopf algebras.
We focus on the quantum groups associated with certain algebraic groups G and their associated Lie algebras g. In Section 2, we discuss how we can embed a Lie algebra g into an algebra U(g), its universal enveloping algebra, containing all its representations. Furthermore, U(g) can be given a Hopf algebra structure. We present the quantised universal enveloping algebra U q (g) of a finite dimensional complex semisimple Lie algebra g, which again has the structure of a Hopf algebra. This construction was first introduced by Drinfield and Jimbo, independently, in their study of the quantum Yang-Baxter equation. We note that as q tends to 1 we, in some sense, reclaim our classical universal enveloping algebra.
Suppose that G is a semisimple, connected, simply connected algebraic group with associated Lie algebra g. Then, the coordinate ring O(G) is isomorphic to the restricted dual of U(g). In Section 3, we construct the quantised coordinate ring O q (G) of G using the coordinate functions of certain U q (g)-modules. We see that O q (G) is a Hopf subalgebra of U q (g) • , in analogy with the classical case.
The following diagram illustrates the links between the classical and quantum world discussed so far.
An important question to ask is whether we can translate our classical concept of a subgroup into the language of quantum groups. Knowing that quantum groups have a Hopf algebra structure, it seems intuitive to define subgroups to be Hopf subalgebras of U q (g) or, dually, quotient Hopf algebras of O q (G). In Section 4 we show that this definition is too restrictive, and instead define, with justification, right coideal subalgebras of U q (g) and quotient left O q (G)-module coalgebras to be subgroups. In the latter part of this section we find a number of examples of subgroups of U q (sl 2 ) and construct corresponding subgroups of O q (SL 2 ).
In Section 5, we consider a categorical approach to subgroups of quantum groups. In the classical case, if G is a finite group and H is a subgroup of G, then the category of comodules of O(G) is a module category over the category of comodules of O(H). We see that we obtain a similar result in the quantum case. Category theory is a useful tool in connecting mathematical concepts so we hope that this category-theoretic characterisation will provide us with the tools to study crystal bases for our subgroups.
We explore Kashiwara's definition of a category of crystals [17] in Section 6. This is a monoidal category which admits a combinatorial structure called a crystal graph. The main examples of objects in this category are crystal bases of integrable U q (g)-modules. The name crystal comes from the fact that these integrable representations of U q (g) have bases at q = 0, which Kashiwara refers to as crystallisation at absolute zero.
In Section 7, we discuss crystal bases for some subgroups of quantum groups. In particular, we discuss Kashiwara's construction of crystal bases for the Borel subalgebras U ≥0 q (g) and U ≤0 q (g). We also consider crystal bases for the set of invariants of U ± q (g) on O q (G). We see that the constructions presented in this section cannot be generalised to other subgroups.
Finally, in Section 8, we discuss ways that the ideas presented in this essay could be developed, including possible applications of our categorical characterisation of subgroups to finding their crystal bases.
1 An Introduction to Hopf Algebras
Algebras and Coalgebras
We first define the concepts of algebras and coalgebras. A coalgebra can be obtained from an algebra by 'reversing the arrows' so is, in some sense, dual to an algebra. Definition 1.1.1. [18, p. 39 ] An algebra (A, µ, η) consists of a vector space A, along with two linear maps µ : A ⊗ A → A, η : k → A, known as the multiplication and the unit respectively, such that the following diagrams
2. Given two algebras (A, µ, η) and (A ′ , µ ′ , η ′ ), an algebra morphism is a linear map f :
[18, p. 40] A coalgebra (C, ∆, ε) consists of a vector space C, along with two linear maps ∆ : C → C ⊗ C, ε : C → k, known as the comultiplication and the counit respectively, such that the following diagrams
Remark . If c is an element of a coalgebra (C, ∆, ε) then, for c 1,i , c 2,i ∈ C, we have ∆(c) = i c (1),i ⊗ c (2),i = c (1) ⊗ c (2) in 'Sweedler notation'. The subscripts '(1)' and '(2)' indicate the order of the factors in the tensor product. Using the counit diagram above, c = ε(c (1) )c (2) = c (1) ε(c (2) ).
2. Given two coalgebras (C, ∆, ε) and (C ′ , ∆ ′ , ε ′ ), a coalgebra morphism is a linear map f :
Algebras act on modules, and therefore it seems natural to consider coalgebras coacting on comodules. We first define our notion of a module over an algebra.
Definition 1.1.6. [18, p. 62] Suppose (C, ∆, ε) is a coalgebra. A right C-comodule (N, ∆ N ) consists of a vector space N, along with a linear map ∆ N : N → N ⊗ C, the coaction of C on N, such that the following diagrams
Remark . If n is an element of a right comodule (N, ∆ N ), then ∆ N (n) ∈ N ⊗ C is of the form n (0) ⊗ n (1) in Sweedler Notation. We can define left C-comodules similarly. Similarly, if n ′ is an element of a left comodule (N ′ ,
Duality of Algebras and Coalgebras
We now explore the duality between coalgebras and algebras. Suppose that we have a vector space V ; by definition of the tensor product of linear maps, detailed in [18, Chapter II], we have
for
The dual of a coalgebra is an algebra.
Proof. Suppose that we have a coalgebra (C, ∆, ε). The transpose of ∆, ∆ * : (C ⊗ C) * → C * , restricts to a map ∆ * | C * ⊗C * : C * ⊗ C * → C * . If we define A = C * , µ = ∆ * | C * ⊗C * , η = ε * then (A, µ, η) can be shown to be an algebra by checking the commutativity conditions.
Remark . The multiplication ∆ * | C * ⊗C * is the convolution product and is often written
We want to consider under which conditions the dual of an algebra is a coalgebra. If A is not a finite-dimensional algebra, A * ⊗ A * is a proper subset of (A ⊗ A) * and so the image of µ * : A * → (A ⊗ A) * may not lie in A * ⊗ A * . We define the restricted dual. 
The following Lemma provides us with an alternative definition. 
can be shown to be a coalgebra by checking the commutativity conditions.
Remark . If A is finite-dimensional then A • = A * , and so A * is a coalgebra.
Moreover, we have the following duality between modules and comodules. • (H, µ, η) is an algebra and (H, ∆, ε) is a coalgebra,
Hopf Algebras
• The multiplication µ and the unit η are coalgebra morphisms.
Remark . The condition that µ and η are coalgebra morphisms is equivalent to ∆ and ε being algebra morphisms [18, Theorem III.2.1].
We are now ready to make our definition of a Hopf algebra. 
We see that S is an inverse to id H under the convolution product ⋆
We note the following definitions. 
Similarly, the algebra of functions on G, k(G), has the structure of a Hopf algebra with maps defined by
for f ∈ k(G) and g, g 1 , g 2 ∈ G, with e the identity element of G.
Duality of Hopf Algebras
Recall the duality between algebras and coalgebras given in Section 1. 
Again, we see that the dual of a finite dimensional Hopf algebra is a Hopf algebra.
We can extend the concept of a dual pair of vector spaces to a dual pairing of Hopf algebras. 
Suppose that (· , ·) : H × U → k is a Hopf pairing. We define the following maps for all u ∈ U, h ∈ H
These maps are Hopf algebra morphisms. If ϕ, ψ are injective then we say that the Hopf pairing is perfect. Therefore, if H is a finite dimensional Hopf algebra then the pairing between H and H * given by (·, ·) : 2 provide a good starting point for our explorations in the next few sections. Analogous to k(G), we have the ring of polynomial functions O(G) on an algebraic group G. If we consider the corresponding Lie algebra g, then the universal enveloping algebra U(g) has parallels with kG; both have a universal property and translate representation theory into module theory. We will see that O(G) and U(g) both have Hopf algebra structures and moreover, there is an isomorphism of Hopf algebras O(G) ≃ U(g) • .
2 The Quantised Universal Enveloping Algebra
The Universal Enveloping Algebra
We first recall the familiar definition of a Lie algebra. 
The Lie bracket is the commutator [x, y] = xy −yx for x, y ∈ gl 2 . The basis elements satsify the following relations
The matrices of trace zero in gl 2 form a Lie subalgebra with basis {e, f, h}. This subalgebra is the special linear Lie algebra of order 2, sl 2 . It is easy to show, using the above relations, that there is an isomorphism of Lie algebras
This means that we can investigate many properties of gl 2 by just studying those of sl 2 . The main examples in this essay will concern sl 2 .
The universal enveloping algebra of a Lie algebra is the largest algebra containing all representations of a Lie algebra. The idea is to embed g into an algebra U(g) such that the Lie bracket of g corresponds to the commutator xy − yx in U(g).
We make a few preliminary definitions. Let T (g) be the tensor algebra of g defined by
where T 0 (g) = k, T 1 (g) = g and T n (g) = V ⊗n , and multiplication given by the tensor product
Let I(g) be the two sided ideal of T (g) generated by all elements of the form
for x, y ∈ g .
The universal enveloping algebra (U(g), i g ) of a Lie algebra g consists of an algebra U(g) and a linear map i g : g → U(g). We define U(g) = T (g)/I(g)
The map i g is obtained by composing the identity map g → T 1 (g) with the quotient map T (g) → U(g).
This algebra satisfies a universal property, motivating its name.
for all x, y ∈ g, there exists a unique algebra morphism φ :
Moreover, U(g) provides us with a link between Lie algebras and Hopf algebras.
Proposition 2.1.5. [33, Section 1.2.9] U(g) has the structure of a Hopf algebra with structure maps satisfying
Proof. We consider the linear maps
These maps satisfy
for all x, y ∈ g. By the universal property, these can be extended to the algebra morphisms
We can then check that these maps satisfy the relations in Definition 1.3.2.
In [3] , a finite dimensional Lie algebra is defined to be semisimple if it has zero radical. Suppose that we have a finite dimensional complex semisimple Lie algebra g. Let Π ⊆ Φ + be the set of simple roots forming a basis of the root system Φ with respect to a fixed Cartan subalgebra h of g. The Cartan decomposition of g is:
We can associate g with a matrix.
for all α, β ∈ Π. Here, the map (·, ·) : g × g → C is defined by (x, y) = tr(adx • ady), where adx : y → [x, y] for x, y ∈ g, and is called the Killing form of g.
We give Serre's presentation of the universal enveloping algebra U(g) of g over C, which will motivate our definition of U q (g) in Section 2.2.
and for α = β, the Serre Relations,
Let U + (g), U 0 (g), U − (g) be the subalgebras of U(g) generated by {e α } α∈Π , {h α } α∈Π , {f α } α∈Π respectively. We state the following result.
Example 2.1.10. We now consider the case when g = sl 2 (C), as in Example 2.1.2. With respect to the Cartan subalgebra h = Ch, the simple root is α : h → C with α(h) = 2. The Cartan matrix is (2) . U(sl 2 ) is the C-algebra generated by e, f, h satisfying the relations
Remark . We note that the subalgebra of U(g) generated by {e α , f α , h α } is isomorphic to U(sl 2 ).
The Quantised Universal Enveloping Algebra
In Proposition 2.1.7, we gave a presentation for U(g) over C. We can, however, define its 'quantisation' U q (g) over our field k since the construction is only based on the Cartan matrix (a αβ ) of g. Let q α = q (α,α) 2
for α ∈ Π and assume that q α = ±1.
And, for α = β, the quantum Serre relations
If we compare this definition with the classical case, we see that the classical Serre relations are very similar to the quantum Serre relations with binomial coefficients replaced with 'q-binomial coefficients' m n qα . Following our remarks in the Introduction, we see that we have introduced a parameter q which has introduced some non-commutativity and we would expect that as q → 1 we get our classical algebra back. We illustrate this in the following example.
Example 2.2.2. We now return to the case of g = sl 2 . Since (a αβ ) = (2), it follows that U q (sl 2 ) is the algebra generated by E, F, K, K −1 subject to the relations
and,
We would expect there to be a connection between U q (sl 2 ) and U(sl 2 ) on taking the limit as q → 1. Denote by U ′ q (sl 2 ) the following algebra generated by the variables E, F, K, K −1 , L subject to the following relations
where [·, ·] is the commutator. We see that the algebra U ′ q (sl 2 ) is defined for all values of q, in particular q = 1.
. Moreover, when q = 1, we have that
Therefore, in some sense, we get U(sl 2 ) back as q → 1.
Remark . For a more general discussion of the connections between U q (g) and U(g) see [8, Theorem 3.4 .4] which considers the classical limit of U q (g) as q → 1.
We highlight some parallels with the classical case.
As in the classical case, discussed in Proposition 2.1.8, we have a triangular decomposition of U q (g).
One of the most important properties of quantum groups is that they have a Hopf algebra structure. U q (sl 2 ) has the following Hopf algebra structure, where the structure maps are defined on the generators. The maps ∆ and ε extend to algebra homomorphisms, and S extends to an algebra anti-homomorphism. Lemma 2.2.7. [10, Chapter 3] U q (sl 2 ) has a Hopf algebra structure defined by
. We want to give U q (g) a Hopf algebra structure such that this homomorphism is a Hopf algebra homomorphism. This leads to the following construction. 
The Quantised Coordinate Ring
We now discuss an important second type of quantum group, the quantised coordinate ring of an algebraic group.
Coordinate Rings of Algebraic Groups
An algebraic group G is defined to be an affine algebraic variety whose group structure is given by morphisms of affine varieties. Its coordinate ring O(G) consists of the set of polynomial functions f : G → k and can be endowed with a Hopf algebra structure similar to that of k(G) in Example 1.3.4. 
O(SL 2 ) has a Hopf algebra structure satisfying
An algebraic group G has an associated Lie algebra g. The following proposition highlights the duality between O(G) and U(g). 
Remark . Via this duality the comodules of O(G) correspond to the modules of U(g) by the remarks in Lemma 1.2.5.
The Quantised Coordinate Ring
In our following discussions, G denotes a semisimple,connected, simply connected algebraic group and g its corresponding Lie algebra. The motivation with our following definition of the quantised coordinate ring O q (G) is to construct a Hopf algebra yielding a Hopf pairing with U q (g), mirroring the classical case discussed in Proposition 3.1.2. We make a few preliminary definitions.
Let A denote the set generated by the coordinate functions of a set C of finite
The finite dimensional representation theory of U q (g) is very similar to that of U(g). We use the notation from Section 2. So, g has a fixed Cartan subalgebra h, a root system Φ, with simple roots Π.
We
for all α ∈ Π then v is a highest weight vector of highest weight λ and the module generated by v is a highest weight module.
The following theorem shows that the finite dimensional simple type 1 U q (g)modules are indexed by dominant weights and are highest weight modules. We are now ready to define O q (G).
We note that there is a Hopf pairing.
. Further, as the V (λ) are closed under duals by [1, p. 57] , we see that O q (G) is a Hopf subalgebra of U q (g) • . Therefore, O q (G) inherits a Hopf algebra structure from that of U q (g) • , as defined in Section 1.4.
The following theorem is a quantum analogue of the classical Peter-Weyl theorem. It allows us to examine the crystal basis theory of O q (G), discussed in Section 6. 
Remark . We see that the right U q (g)-module action on O q (G) comes from the action of U q (g) on V (λ) * , while the left action comes from the action of U q (g) on V (λ).
O q (SL 2 ):
The Quantised Coordinate Ring of SL 2
We would like to use Definition 3.2.5 to construct the quantised coordinate ring
where α is defined in Example 2.1.10. We identify the dominant weight lattice Λ + = Z ≥0 ω with Z ≥0 and state the following propositions regarding simple U q (sl 2 )-modules. 
We also have the following important proposition regarding modules over general U q (g). Therefore, we see that O q (SL 2 (C)) is the k-algebra generated by the coordinate functions of V (1). If we relabel the basis as {v 1 , v 2 } then our notation corresponds to that used in [1, Section 1.7], where O q (SL 2 (C)) is constructed using the coordinate functions x ij = c f i ,v j , with {f 1 , f 2 } the dual basis. Moreover, [1, Theorem I.7.16] shows that O q (SL 2 (C)) is isomorphic to O q (SL 2 (k)), and so we can unambiguously define O q (SL 2 ) as follows. is generated by {X 11 , X 12 , X 21 , X 22 } with the relations X 11 X 12 = qX 12 X 11 , X 11 X 21 = qX 21 X 11 , X 12 X 22 = qX 22 X 12 , X 21 X 22 = qX 22 X 21 , X 12 X 21 = X 21 X 12 , X 11 X 22 − X 22 X 11 = (q − q −1 )X 12 X 21 , X 11 X 22 − qX 12 X 21 = 1 (53)
Remark . When q = 1, we obtain our relations for the classical coordinate ring O(SL 2 ) from Example 3.1.1. We see that the first six express commutativity, whereas the last is the condition X 11 X 22 − X 12 X 22 = 1. 
The duality between O q (SL 2 ) and U q (sl 2 ) is illustrated by the following proposition. 
Proof. The bilinear form
This can be extended linearly to give the Hopf pairing between U q (sl 2 ) and O q (SL 2 ). We see that, as q is not a root of unity, this pairing is perfect. For each generator of U q (sl 2 ), we can find a generator of O q (SL 2 ) such that their pairing is non-zero, and vice versa. See the cited text for more details.
Subgroups of Quantum Groups
In this section, we consider a semisimple, connected, simply connected algebraic group G with corresponding Lie algebra g. Their associated quantum groups are O q (G) and U q (g) respectively.
The definition of a subgroup of a quantum group is quite hazy in the literature. Müller in [24] and Parshall and Wang in [26] , to name a few, consider subgroups of quantum groups as Hopf algebras satisfying some extra conditions. In this chapter, we discuss a definition of a subgroup of a quantum group discussed by Christodoulou in [2] . Her work particularly expands on work done by Letzter [20] and Müller and Schneider [25] on right coideal subalgebras.
Coideal Subalgebras and Quotient Coalgebras
We make the following definitions for a Hopf algebra H = (H, µ, η, ∆, ε, S). We note that left/right can be interchanged consistently in our propositions and definitions in the following sections. Remark . The coalgebra structure is given by comultiplication,∆(C) → C ⊗ C with ∆(h+I) = ∆(h)+I ⊗H +H ⊗I for h ∈ H, and counitε : C → k, withε(h+I) = ε(h) for h ∈ H.
We state the following proposition showing the one-to-one correspondence between right coideal subalgebras of H and quotient left H-module coalgebras. 2. If C is a quotient left H-module coalgebra, denote by π : H → C the quotient map. Then,
Recall that there is a Hopf pairing (·, ·) : U q (g) × O q (G) → k. For a ∈ O q (G), ∆(a) = a (1) ⊗ a (2) and so we can define a U q (g)-U q (g)-bimodule structure on O q (G) in the following way a · u = (u, a (1) )a (2) , u · a = a (1) (u, a (2) ) (56) for a ∈ O q (G) and u ∈ U q (g). Since multiplication in O q (G) is a convolution we have that
for a, b ∈ O q (G) and u ∈ U q (g). Proof. We first show that A is a subalgebra. Suppose that a, b ∈ A and u ∈ I. We want to show that ab ∈ A.
(ab) · u = (a · u (1) )(b · u (2) )
Since I is a right coideal of U q (g), u (1) ∈ I. So, since a ∈ A,
Since ε(u (1) )u (2) 
is the coordinate function of the trivial representation and hence, 1 Oq(g) ·u = ε(u) for all u ∈ I. Therefore, A is a subalgebra.
We now check that A is a right coideal. Suppose that ∆(a) = a (1) ⊗ a (2) for a ∈ A. We want to show that a (1) 
Therefore, if we assume that the a (2) are linearly independent
Remark . The subalgebra A is the set of right invariants of I on O q (G) and is often denoted O q (G) I .
We see from Propositions 4.1.6 and 4.1.5 that for any right coideal I in U q (g), we can define a right coideal subalgebra of O q (G), equivalently a quotient left O q (G)module coalgebra.
Definition of a Subgroup of a Quantum Group
Suppose that we have a subgroup G ′ of G with corresponding Lie subalgebra g ′ of g. We want to find their corresponding quantum groups O q (G ′ ) and U q (g ′ ) respectively. The enveloping algebra U(g ′ ) is a subalgebra of U(g) by Lemma 4.1.3, moreover it is a Hopf subalgebra. Therefore, mirroring the classical case, it seems intuitive to first look at corresponding Hopf subalgebras of U q (g) or, dually, quotient Hopf algebras of O q (G). Example 4.2.1. Suppose that we have a Borel subgroup G ≥0 of G with Borel Lie subalgebra g ≥0 = h ⊕ α∈Φ + g α of g, see Equation 30 . The corresponding universal enveloping algebra is U ≥0 (g), with quantum analogue U ≥0 q (g) as defined in Section 2. U ≥0 q (g) is a Hopf subalgebra of U q (g) since it is closed under ∆, S. The quantised coordinate ring O ≥0 q (G) can be constructed using U ≥0 q (g)-modules as in Section 3 and can be considered as the quantum subgroup corresponding to G ≥0 .
In the above example, U ≥0 q (g) is a Hopf subalgebra of U q (g). However, generally, U q (g ′ ) is not isomorphic to a Hopf subalgebra of U q (g). Moreover, there are many subalgebras of U q (g) which are not Hopf subalgebras but can still be considered as quantisations of U(g ′ ).
Example 4.2.2. Suppose that we have a nilpotent subgroup G − of G with nilpotent Lie subalgebra g − = α∈Φ − g α of g. The corresponding universal enveloping algebra is U − (g), with quantum analogue U − q (g) as defined in Section 2. However, U − q (g) is not a Hopf subalgebra of U q (g) since S(F α ) = −F α K α ∈ U − q (g) for each α ∈ Π. Remark . We remark that U − q (g) is a right coideal subalgebra of U q (g). The above example shows that defining subgroups of U q (g) to be Hopf subalgebras is too restrictive and therefore we need to broaden our definition.
By Lemma 4.1.3, U(g ′ ) is a one-sided coideal subalgebra of U(g). Suppose, without loss of generality, that it is a left coideal subalgebra. We can often find a right coideal subalgebra of U q (g) corresponding to U(g ′ ) [20, p. 9 ]. This gives rise to a right coideal subalgebra of O q (G) by Proposition 4.1.6, and by Proposition 4.1.5 a corresponding quotient left O q (G)-module coalgebra. This informs the following definition.
As O q (G) lies in the dual of U q (g), we would like our definitions of subgroups to line up with the general ideal that 'sub-objects' induce 'quotient objects' in the dual. We have changed the definition of a subgroup of U q (g) given in [2] to emphasise this duality.
Subgroups of U q (sl 2 )
We want to find subgroups of U q (sl 2 ). In [34] , Vocke discusses right coideal subalgebras, equivalently subgroups, of U q (g), and in particular finds all the right coideal subalgebras of U q (sl 2 ). Her work builds upon work done in [6] on right coideal subalgebras of U q (g) containing U 0 q (g) Vocke constructs a set of possible generating elements of right coideal subalgebras of U q (sl 2 )
up to symmetry in E and F with j ∈ Z and λ, c F , c K ∈ k.
The complete list of right coideal subalgebras of U q (sl 2 ) is
And, the subalgebras generated by the following sets
And, for λ, λ ′ ∈ k with λλ ′ =
Subgroups of O q (SL 2 )
We now want to find subgroups of O q (SL 2 ) corresponding to the right coideal subalgebras of U q (sl 2 ). One method is to find the set of invariants of the action of each right coideal I of U q (sl 2 ) on O q (SL 2 ). By Proposition 4.1.5, this is a right coideal subalgebra of O q (SL 2 ), which gives rise to a quotient left O q (SL 2 )-module coalgebra.
and, using Proposition 3.3.6,
for j = 1, 2. And, for u, v ∈ U q (sl 2 ), we have
with, by definition of the Hopf pairing,
Example 4.4.1. Consider the case when I is the right coideal subalgebra generated by EK −1 . Since ε(EK −1 ) = 0, we want to find
As, (EK −1 , X 11 ) = 0, (EK −1 , X 12 ) = q, (EK −1 , X 21 ) = 0, (EK −1 , X 22 ) = 0 (74)
we have X 11 ·(EK −1 ) = qX 21 , X 12 ·(EK −1 ) = qX 22 , X 21 ·(EK −1 ) = 0, X 22 ·(EK −1 ) = 0 (75) From [1, Example I.11.8], we see that: We have seen that U ± q (sl 2 ), U 0 q (sl 2 ), U ≥0 q (sl 2 ), U ≤0 q (sl 2 ) are subgroups of U q (sl 2 ). We now discuss the corresponding subgroups of O q (SL 2 ).
The Borel subgroups SL ≥0 2 , SL ≤0 2 consist of upper, respectively lower, triangular matrices. The unipotent radicals SL + 2 , SL + 2 in SL ≥0 2 , SL ≤0 2 respectively consist of unipotent matrices. The coordinate rings of these subgroups are
The standard maximal torus SL 0 2 is the subgroup of SL 2 consisting of diagonal matrices. Its coordinate ring is defined by
In analogy with the classical case, we make the following definitions [11, p. 227-228 ]
where we use the notation to denote the left ideal generated by a set. It is an easy check to show that the ideals are coideals and therefore the above equations define quotient left O q (SL 2 )-module coalgebras, equivalently subgroups of O q (SL 2 ). We note that as q → 1, we obtain our classical coordinate rings.
A Categorical Approach to Subgroups of Quantum Groups
The aim of this section is to provide a categorical characterisation of a subgroup of a quantum group. The basic definitions can be found in [29, 19] .
Monoidal Categories
Here we discuss a particular type of category known as a monoidal category. It can be considered as a 'categorification' of the notion of a monoid, a set with an associative multiplication and an identity element. We loosely interpret 'categorification' as the process of turning sets into categories by adding morphisms. • A category C,
• A bifunctor ⊗ : C × C → C,
• A unit object I ∈ C,
• Natural isomorphisms l and r such that, for each X ∈ Ob C, we have morphisms: l X : I ⊗ X → X and r X : X ⊗ I → X.
Such that the following diagrams
The Pentagonal Identity
and
The Triangular Identity commute.
Example 5.1.2. If G is a group, then Rep(G) is the category with representations of G as its objects and equivariant maps as morphisms. An equivariant map between two representations (V, ρ) and (W, µ) is a linear map f : V → W satisfying,
for all g ∈ G. The category Rep(G) can be given the structure of a monoidal category. We define ⊗ to be the tensor product of representations. For (V, ρ) and (W, µ) we have
The unit object, I, is the trivial representation I = (k, ρ) where ρ(g)v = v for all g ∈ G, v ∈ k. The associativity and identity conditions follow from properties of the tensor product.
Module Categories
We now consider module categories, which can be interpreted as the 'categorification' of the notion of a module over a monoid. Such that the following diagrams 
where ⊗ is the tensor product of representations. We see that Res G H (ρ) ⊗ µ is a representation of H. The associativity and identity conditions are satisfied by properties of the tensor product.
The Categories of Modules and Comodules
Let (A, µ, η) denote an algebra and let (C, ∆, ε) denote a coalgebra. Definition 5.3.1. The category of right A-modules M A is the category whose objects are right A-modules and whose morphisms are module homomorphisms between right A-modules. The category of left A-modules is denoted A M. Definition 5.3.2. The category of right C-comodules M C is the category whose objects are right C-comodules and whose morphisms are comodule homomorphisms between right C-modules. The category of left C-comodules is denoted C M. 
Suppose that we have a Hopf algebra H with multiplication µ. We have the following proposition regarding the category of right H-comodules. Proof. We define the product ⊗ : M H × M H → M H to be the usual tensor product of vector spaces along with the following coaction. For right H-comodules N 1 , N 2 with coactions ∆ N 1 , ∆ N 2 respectively, we define the coaction ∆ N 1 ⊗N 2 of N 1 ⊗ N 2 on H to be the map
where τ H,N 2 (h ⊗ n 2 ) = n 2 ⊗ h. To illustrate this coaction,
The associativity and identity conditions are inherited from those of the tensor product.
Remark . Similarly, the category of left H-modules is a monoidal category. For left H-modules M 1 , M 2 , the action of M 1 ⊗ M 2 on H is given by
Suppose that A is a right coideal subalgebra of H, 
Relationship between Subgroups of Quantum Groups and Module Categories
In G) . We expect to find similar results for the categories of comodules over quantum groups. In [2] , Christodoulou considers the quantum version of this result for reductive subgroups.
Remark . In [2, Definition 3.3], Christodoulou defines subgroups of O q (G) and U q (g) to be what we instead call 'reductive subgroups' of O q (G). We broadened her definition of a subgroup to include subgroups such as the Borel subgroups, which do not satisfy the faithful coflatness condition.
We state the following results, adapted from [2] , which provide us with our categorical characterisations of quantum subgroups. We note that [2, Proposition 6.12] can be extended to all subgroups of O q (G). 
The Category of Crystals
We can also use the tools of category theory to study the combinatorial structure of certain representations of quantum groups.
Crystals
Suppose that the Lie algebra g has a set of simple roots Π and weight lattice Λ. The simple coroots are given by α ∨ = 2 (α,α) α for α ∈ Π. 
Remark . When there is no ambiguity we simply refer to U q (g)-crystals as crystals.
We visualise crystals using crystal graphs. 
The crystal graph of T λ consists of a single point. 
For ψ(b) = 0,
And,
Definition 6.1.5. We define the category of crystals Crys to be the category with crystals as its objects and morphisms as defined above.
We can also define a tensor product of crystals. 
(101) Proposition 6.1.7. The category Crys has the structure of a monoidal category.
Proof. The tensor product of crystals is a bifunctor on Crys⊗Crys. The unit object is the crystal B(0) = {b 0 } whereẼ α b 0 = 0 =F α b 0 and wt(b 0 ) = 0. The associativity and identity conditions can easily be verified.
Crystal Bases
The main source of examples of objects in Crys are crystal bases of integrable U q (g)-modules V in the category O q int (g). 
The definition of a crystal base is too involved to state here, for more information see Kashiwara's survey text [17] . Kashiwara's crystal bases can be understood as bases at q = 0 and can be extended to global bases covering all values of q. Independently, Lusztig [21] introduced canonical bases which coincide with these global bases.
We note that a crystal base consists of a pair (L, B) with L a 'crystal lattice' and B a basis of L/qL. B is acted on by mapsẼ α ,F α which leave each U α q (g)-submodule invariant. Furthermore, each b ∈ B has an associated weight wt(b). Therefore a crystal base (L, B) gives a crystal B in Crys.
We state the following proposition regarding modules in O q int (g). 
For all α ∈ Π, µ ∈ ZΦ.
These simple modules have crystal bases. 
where
Further, we can define crystal bases for all modules in O q int (g). If (L, B) is a crystal basis of V then there exists an isomorphism We apply the definitions and theorems stated in the previous section to U q (sl 2 )modules in the category O q int (sl 2 ). From Theorems 3.3.1 and 3.3.2, every simple U q (sl 2 )-module is isomorphic to V (n) for some n ∈ Z ≥0 . Therefore, we just need to consider crystal bases for these V (n) by Theorem 6.2.4. These modules have bases {u, F u, . . . F (n) u}. Define operatorsẼ,F on the basis bỹ
Thus, the crystal lattice L(n) and crystal B(n) are
where F (k) u = F (k) u mod qL(n). The maps giving B(n) its crystal structure are given by
And, the crystal graph of B(n) is given by
Crystal graphs provide us with a way of visualising the tensor product of crystals, as the following example shows. Consider the tensor product B(2) ⊗ B(2), where B(2) has basis {u, F u, F (2) u}; the crystal graph of B(2) ⊗ B(2) is
In general, the crystal graph of B(m) ⊗ B(n) is
Crystal Bases for O q (G)
We can translate our crystal basis theory from U q (g) to O q (G). 
So, the crystal associated with O q (G) is
Remark . We see that B(λ) ∨ is the crystal obtained from B(λ) by reversing the direction of arrows in the crystal graph. 
However, we see from 6.3 that B(n) ≃ B(−n), and so
Crystal Bases for Subgroups of Quantum Groups
Extending crystal basis theory to subgroups of quantum groups is an open and under-researched problem. Currently, only a handful of subgroups can be given crystal bases, including the case of a symmetric pair [35, 9] . Here we discuss constructions of crystal bases for certain subgroups of quantum groups and remark on why we cannot use similar methods for all subgroups.
The Crystal Bases of U ± q (g)
We consider U q (g) as a module over itself via the adjoint action and obtain the following weight space decomposition [1, Definition I.8.11]
(114) Moreover, this is a ZΦ-graded algebra since U q (g) ξ U q (g) η ⊆ U q (g) ξ+η . We notice that K ±1 α ∈ U q (g) 0 , E α ∈ U q (g) α and F α ∈ U q (g) −α for all α ∈ Π. Therefore, we can restrict this grading to give Z ≥0 Φ-gradings on the subgroups U ≥0 q , U + q (g) and Z ≤0 Φ-gradings on the subgroups U ≤0 q , U − q (g).
In [17, Section 8] , M. Kashiwara discusses a construction of a crystal base of U − q (g), derived from the crystal base of V (λ) as λ tends to infinity. For λ ∈ Λ + , consider the surjective U − q (g) homomorphism
where u λ is the highest weight vector of V (λ). U − q (g) has a Z ≤0 -grading given by
Suppose that x ∈ U − q (g) ξ . Then for all α ∈ Π we have
From Definition 6.2.2, we see that the kernel of π λ is α∈Π U − q (g)F 1+a λα α , as u λ is a highest weight vector and U − q (g) is spanned by F α for α ∈ Π. If a λα ≫ 0, then Ker π λ ∩ U − q (g) ξ = {0} so that, by the first isomorphism theorem
Therefore, using the grading of U − q (g), we can regard U − q (g) as the limit of V (λ) as a λα tends to infinity.
We now examine the behaviour of V (λ) as λ tends to infinity. Kashiwara shows that, for η ∈ Λ + , there exists a map p λ,λ+η : V (λ + η) → V (λ) sending L(λ + η) to L(λ). This induces a morphism of crystals
where T η is defined in 6.1.3. This morphism commutes with the F α s but not the E α s. Therefore, as λ tends to infinity, we obtain a crystal basis (L(∞), B(∞)) of
We obtain a similar basis (L(−∞), B(−∞)) of U + q (g)
Remark . We see that the method used in this construction cannot generally be extended to other subgroups of U q (g) since they don't always have the same graded structure. As such, we cannot always find appropriate isomorphisms with our simple modules V (λ).
The Crystal Bases of the Subalgebra of Invariants of
We now consider the O q (G) case. Recall the quantum Peter-Weyl Theorem from Theorem 3.2.6. We examine the actions of U ± q (g) on this decomposition. 
Further, the space (V (λ) * ) U + q (g) is the one-dimensional U 0 q (g)-module generated by the dual of the highest weight vector of V (λ), u * λ [5, Lemma 4.15] . Therefore,
And so,
Similarly, the set of left invariants of U + q (g) on O q (G) can be expressed as
We obtain a similar result by considering the invariants of the action of U − q (g). A is a right coideal subalgebra of O q (G) by Proposition 4.1.6 and so O q (G)/O q (G)A + is a subgroup of O q (G) by Proposition 4.1.5. We can use Theorem 6.2.3 to find the crystal base associated with A and we find that the associated crystal is
Remark . However, we cannot find the crystals associated with all coideal subalgebras of O q (G) constructed as sets of invariants in this way. This is because the right-hand factor may consist of a module generated by a set of polynomials in the duals of the highest weight vectors, to which we cannot assign crystals. Moreover, we cannot find crystal bases for our quotient left O q (G)-module coalgebras, equivalently subgroups of O q (G), using our current techniques.
Reductive Subgroups
In Definition 5.4.1, we defined 'reductive subgroups' of O q (G) as subgroups satisfying certain coflatness conditions, using remarks in [2] . We would like to examine whether these subgroups correspond to classical reductive subgroups of G.
A Categorical Definition of Subgroups of Quantum Groups
In Section 5.4, we gave categorical characterisations of subgroups of O q (G) and U q (g). It would be interesting to see under which conditions we can find a converse statement. We can then use our characterisation as a definition for a certain class of subgoups.
For example, in [2, Theorem 6.11], Christodoulou shows that if M C is a module category over M Oq(G) then, if the functor Ψ : M Oq(G) → M C satisfies certain conditions, which are too involved to state here, then C has the structure of a left O q (G)-module quotient coalgebra. Moreover, O q (G) is faithfully coflat over C. Therefore, we should be able to obtain a restricted class of reductive subgroups of O q (G) such that we can find a converse to our categorical characterisation.
In [2] , Christodoulou defines subgroups of all quantum groups as quotient left module coalgebras. We changed her definition of subgroups of U q (g) to emphasise the duality between U q (g) and O q (G). Our categorical characterisation of subgroups A of U q (g) in terms of the category M Uq(g) A does not seem restrictive enough. Therefore, we could try to develop a more restricted categorical characterisation for which we could find a converse; perhaps for a certain class of subgroups A with U q (g) faithfully coflat over U q (g), a 'reductive subgroup' of U q (g).
Crystal Bases for Subgroups of Quantum Groups
In Section 6, we constructed crystal bases for integrable U q (g)-modules and for O q (G). In Section 7, we discussed constructions of crystal bases for certain subgroups of U q (g) and for specific invariants of subgroups of U q (g) on O q (G), using Kashiwara's crystal bases for the simple U q (g)-modules in Definition 6.2.3. However, we see that our current understanding of crystal bases is limited, and that we need to develop new techniques to study crystal bases for our subgroups of U q (g) and O q (G).
One possible solution could involve category theory. In Section 5.4, we discussed the connections between subgroups and module categories, and in Proposition 6.1.7, we showed that the category of crystals, Crys, has a monoidal structure. Therefore, it seems intuitive to examine certain module categories over the category of crystals and see if they correspond to module categories associated with subgroups. We could call these 'categories of module crystals'.
The comodules of O q (G) are precisely the U q (g)-modules in O q int (g). This is because O q (G) is a direct sum of coalgebras V (λ) ⊗ V (λ) * , whose comodules are precisely direct sums of copies of V (λ). We have a good understanding of the crystal bases B(λ), as defined in Definition 6.2.3, of these V (λ). Denote by Crys g the subcategory of Crys whose objects are crystals which are coproducts of crystals of the form B(λ). Suppose we have a module category M C over M Oq(G) such that the functor Ψ : M Oq(G) → M C satisfies the conditions of [2, Theorem 6.11], then C is a reductive subgroup of O q (G). It would be interesting to try to construct a corresponding module category over Crys g such that the functor between them satisfies the same conditions. We could then consider this the category of module crystals corresponding to the subgroup C.
Conclusion
In the same way that quantum mechanics has helped shape Physicists' understanding of classical mechanics, we have seen how the study of quantum groups has informed our understanding of classical algebra. We have shown how techniques from other areas of Mathematics, such as combinatorics and category theory, can help us develop this beautiful theory. It will be exciting to see whether the ideas discussed in this essay will provide us with the solution to the problem of finding crystal bases for subgroups of quantum groups.
